Abstract. In this paper we s h o w that the routing permutation problem is NP-hard even for binary trees. Moreover, we s h o w that in the case of unbounded degree tree networks, the routing permutation problem is NP-hard even if the permutations to be routed are involutions. Finally, we show that the average-case complexity of the routing permutation problem on linear networks is n=4 + o(n).
Introduction
E cient communication is a prerequisite to exploit the performance of large parallel systems. The routing problem on communication networks consists in the e cient allocation of resources to connection requests. In this network, establishing a connection between two nodes requires selecting a path connecting the two nodes and allocating su cient resources on all links along the paths associated to the collection of requests. In the case of all-optical networks, data is transmitted on lightwaves through optical ber, and several signals can be transmitted through a ber link simultaneously provided that di erent w avelengths are used in order to prevent i n terference (wavelength-division multiplexing) 4]. As the number of wavelengths is a limited resource, then it is desirable to establish a given set of connection requests with a minimum numb e r o f w avelengths. In this context, it is natural to think in wavelengths as colors. Thus the routing problem for all-optical networks can be viewed as a path coloring problem: it consists in nding a desirable collection of paths on the network associated with the collection of connection requests in order to minimize the number of colors needed to color these paths in such a w ay that any t wo di erent paths sharing a same link of the network are assigned di erent colors. For simple networks, such as trees, the routing problem is simpler, as there is always a unique path for each communication request. This paper is concerned with routing permutations on trees by arc-disjoint paths, that is, the path coloring problem on trees when the collection of connection requests represents a permutation of the nodes of the tree network.
Previous and related work. In 22 ] a 2-approximation algorithm is given for this problem on ring networks. To our knowledge, the routing permutation problem on tree networks by arc-disjoint paths has not been studied in the literature.
Our results. In Section 2 we rst give some de nitions and recall previous results. In Section 3 we show that for arbitrary permutations, the routing permutation problem is NP-hard even for binary trees. Moreover, we s h o w that the routing permutations problem on unbounded degree trees is NP-hard even if the permutations to be routed are involutions, i.e. permutations with cycles of length at most two. In Section 4 we focus on linear networks. In this particular case, since the problem reduces to coloring an interval graph, the routing of any permutation is easily done in polynomial time 14]. We s h o w that the average number of colors needed to color any permutation on a linear network on n vertices is n=4 + o(n). As far as we k n o w, this is the rst result on the average-case complexity for routing permutations on networks by arc-disjoint paths. Finally, in Section 5 we g i v e some open problems and future work.
De nitions and preliminary results
We model the tree network as a rooted labeled symmetric directed tree T = (V A), where processors and switches are vertices and links are modeled by two arcs in opposite directions. In the sequel, we assume that the labels of the vertices of a tree T on n vertices are f1 2 : : : n g and are such that a post x tree traversal would be exactly 1 2 : : : n . This implies that for any i n ternal vertex labeled by i the labels of the vertices in his subtree are less than i. Given two vertices i and j of the tree T , w e d e n o t e b y <i j> the unique path from vertex i to vertex j. The arc from vertex i to its father (resp. from the father of i to i) (1 i n;1) is labeled by i + (resp. i ; ). See Figure 1 (a) for the linear network on n = 6 v ertices rooted at vertex i = 6 . W e w ant to route permutations in S n on any tree T on n vertices. Given a tree T and a vertex i we c a l l T (i) t h e subtree of T rooted at vertex i.
We associate with any permutation a graphical representation. To represent the permutation we d r a w a n a r r o w from i to (i), if i 6 = (i), that is, the path <i (i)>, 1 i n. T h e a r r o w going from i to (i) crosses the arc j + if and only if i is in T(j) a n d (i) is not in T(j) and it crosses the arc j ; if and only if i is not in T (j) a n d (i) i s i n T(j), 1 j n ; 1. De nition 1. Let T be a t r ee o n n vertices and be a p ermutation in S n . W e de ne the height of the arc i + (resp. height of the arc i ; ), 1 i n ; 1, (resp. i ; ) that is, h + T ( i ) = jfj 2 T(i) j (j) 6 2 T(i)gj (resp. h ; T ( i ) = jfj 6 2 T(i) j (j) 2 T (i)gj). Lemma 1. Let T be a t r ee w i t h n vertices. For all in S n and for all i 2 f1 2 : : : n ; 1g, h + T ( i ) = h ; T ( i ). This lemma is straightforwa r d t o p r o ve. It tells us that in order to study the height o f a p e r m utation on a tree on n vertices, it su ces to consider only the height of the labeled arcs i + .
De nition 2. Given a tree T and a permutation to be r outed o n T, t h e height of , denoted h T ( ), is the maximum number of paths crossing any arc o f T:
For example the permutation = ( 3 1 6 5 2 4) on the linear network in Figure  1 De nition 3. Given a tree T and a permutation to be r outed o n T , t h e coloration number of , denoted R T ( ), is the minimum number of colors assigned to the paths on T associated w i t h such that no two paths sharing a same arc o f T are assigned the same color. Clearly, f o r a n y p e r m utation of the vertex set of a tree T, w e h a ve R T ( ) h T ( ). For linear networks the equality holds, because the con ict graph of the paths associated with is an interval graph (see 12]). Moreover, optimal vertex coloring for interval graphs can be computed e ciently 14]. However, for arbitrary tree networks, equality does not hold as we will see in the Section 3.3.
NP-completeness results
Independently, Kumar et al. 15] and Erlebach and Jansen 6] have s h o wn that computing a minimal coloring of any collection of paths on symmetric directed binary trees is NP-hard. However, the construction given in 15, 6] does not work when the collection of paths represents a permutation of the vertex set of a binary tree. Thus, by using a reduction similar to the one used in 15, 6] we obtain the following result. Theorem 1. Let 2 S n be any permutation to be r outed on a symmetric directed binary tree T on n vertices, then computing R T ( ) is NP-hard.
Sketch of the proof. We use a reduction from the ARC-COLORING problem 19]. The ARC-COLORING problem can be de ned as follows : given a positive i n teger k, an undirected cycle C n with vertex set numbered clockwise as 1 2 : : : n , and any collection of paths F on C n , where each path <v w> 2 F is regarded as the path beginning at vertex v and ending at vertex w again in the clockwise direction, does F can be colored with k colors so that no two paths sharing an edge of C n are assigned the same color ? It is well known that the ARC-COLORING problem is NP-complete 10]. Let I be an instance of the ARC-COLORING problem. We construct from I an instance I 0 of the routing permutations problem on binary trees, consisting of a symmetric directed binary tree T and a permutation-set of paths F 0 on T such t h a t F can be k-colored if and only if F 0 can be k-colored. Without loss of generality, w e m a y assume that each edge of C n is crossed by exactly k paths in F. If some edge of C n is crossed by more than k paths, then this can be discovered in polynomial time, and it implies that the answer in this instance I must be \no". If some edge i i + 1 ] o f C n is crossed by r < k paths, then we can add k ;r paths of the form <i i+ 1 > (or <i 1> if i = n) t o F without changing its k-colorability. Let B(i) F (resp. E(i) F ) be the subcollection of paths of F beginning (resp. ending) at vertex i of C n , 1 i n. T h us, by the previous hypothesis, it is easy to verify that the following property holds for instance I. not already used by a n y path in F 0 as beginning-vertex (resp. ending-vertex), then we consider the following two t ypes of paths in F :
Type 1 : i < j . Then add to F 0 the path set f<b i e j >g.
Type 2 : i > j . Let r p (resp. l q ) be the rst vertex of T in fr 1 r 2 : : : r k g (resp. fl 1 l 2 : : : l k g) s u c h t h a t t h e a r c ( r p w r p ) (resp. (l q w l q )) of T has not be already used by a n y p a t h i n F 0 , then add to F 0 the path set f<b i r r 1 p > <lr 1 p r l 1 q >, <ll 1 q e j >g. In addition, for each i, 1 i k, add to F 0 the following path sets : They make sure that all the three paths in F 0 corresponding to one path in F of type 2 are colored with the same color in any k-coloration of F 0 . The other paths that we call permutation paths, are used to ensure that the path collection F 0 represents a permutation of the vertex set of T. In Figure 2 we present an example of this polynomial construction. By our construction, it is easy to check that the set of paths F 0 on T represents a permutation of the vertex set of T , and that there is a k-coloring of F if and only if there is a k-coloring of F 0 .
In the case of unbounded degree symmetric directed trees, Caragiannis et al. 3] have shown that the path coloring problem remains NP-hard even if the collection of paths is symmetric (we call this problem the symmetric path coloring problem), i.e., for each path beginning at vertex v 1 and ending at vertex v 2 , there also exists its symmetric, a path beginning at v 2 and ending at v 1 . T h us, using a polynomial reduction from the symmetric path coloring problem on trees 3] we h a ve the following result which proof is omitted for lack of space. Theorem 2. Let 2 I n be any involution to be r outed on an unbounded d e gree tree T on n vertices. Then computing R T ( ) is NP-hard.
Polynomial cases
As noticed in Section 2, the coloration number associated to any p e r m utation to be routed on a linear network can be computed e ciently in polynomial time 14]. In the case of generalized s t a r networks, i.e., a tree network having only one vertex with degree greater to 2 and the other vertices with degree at most equal to 2, Gargano et al . 11] show that an optimal coloring of any collection of paths on these networks can be computed e ciently in polynomial time. Moreover, in 11] is also showed that the number of colors needed to color any collection of paths on a generalized star network is equal to the height o f s u c h a collection of paths. Thus, based on the results given in 11] we obtain the following proposition. Proposition 1. Given a generalized star network G on n vertices and a permutation 2 S n to be r outed o n G, the coloration number R G ( ) can be c omputed e ciently in polynomial time. Moreover, R G ( ) = h G ( ) always holds.
General trees
Given any permutation 2 S n to be routed on a tree T on n vertices, the equality b e t ween the heigth h T ( ) and the coloration number R T ( ) d o e s n o t always hold. In Figure 3 (a) we g i v e an exemple of a permutation 2 S 10 to be routed on a tree T on 10 vertices, which height h T ( ) is equal to 2. Moreover, in Figure 3(b) we present the con ict graph G associated with , t h a t i s a n undirected graph whose vertices are the paths on T associated with , a n d i n which t wo v ertices are adjacent if and only if their associated paths share a same arc in T . T h us, clearly the coloration number R T ( ) is equal to the chromatic number of G. Therefore, as the con ict graph G has the cycle C 5 as induced subgraph, then the chromatic number of G is equal to 3, and thus R T ( ) = 3 . To prove this result, we use the equality b e t ween the height and the coloration number (see Section 2). Then our approach, developed in Subsections 4.1 and 4.2, is as follows: at rst we recall a bijection between permutations in S n and special walks in N N, called \Motzkin walks", which are labeled in a certain way. The bijection is such that the height parameter is \preserved". Then we prove Theorem 3 by studying the asymptotic behaviour of the height o f t h e s e walks. On the other hand, we get in Subsection 4.3 the generating function of permutations with coloration number k, for any g i v en k. This gives rise to an algorithm to compute exactly the average coloration numberofthe permutations for any xed n. Theorem (Fran con-Viennot) There is a one-to-one correspondence b etween the elements of P n and the elements of S n .
A bijection between permutations and Motzkin walks
Several bijective proofs of this theorem are known. Biane's bijection 2] is particular, in the sense that it preserves the height: to any labeled Motzkin walk of length n and height k corresponds a permutation in S n with height k (and so with coloration number k). We do not present here the whole Biane's bijection we just focus on the construction of the (unlabelled) Motzkin walk associated to a permutation, in order to show that the height is preserved. This property, which is not explicitely noticed in Biane's paper, is essential for our purpose. Biane's correspondence between a permutation = ( (1) On the other hand, we can prove easily that the height o f a r c i + in is equal to the numberofintegers j i such that (j) > j and ;1 (j) > j , minus the number of integers j i such t h a t (j) < j and ;1 (j) < j . This proves the property. W e present i n Figure 4 an exemple of correspondence. The above description permits to construct the \skeleton" of the permutation, in the center of the gure, given the Motzkin walk on the top. Then the labeling of the path allows to complete the permutation. This is described in detail in 2] and in the full version of this paper, in preparation. 
where m is asymptotically Gaussian with mean E(m) n ;1=6 (1=2) 1=2 and variance 2 (m) 1=8 and = 0 :99615 : : : .
In the formula (1) of the above Proposition 2, the only non-deterministic part is m which is Gaussian. So we j u s t h a ve to replace m by E(m) to prove Theorem 3.
An algorithm to compute exactly the average coloration number
We just have t o l o o k a t k n o wn results in enumerative combinatorics 8, 21 ] to get the generating function of the permutations of coloration number exactly k, that is (k!) 2 z 2k P k+1 (z)P k (z) with P 0 (z) = 1 , P 1 (z) = z ; b 0 and P n+1 (z) = ( t ; b n )P n (z) ; n P n;1 (z) f o r n 1, where P is the reprocical polynomial of P, t h a t i s P n (z) = z n P n (1=z) for n 0.
This generating function leads to a recursive algorithm to compute the numb e r o f p e r m utations with coloration number k, denoted by h n k .
Proposition 4. The number of permutations in S n k follows the following recurrence h n k = 8 < : 0 if n < 2k (k!) 2 if n = 2 k ; P 2h+1 i=1 p(i)h n;i k otherwise where p(i) is the coe cient of z i in P k+1 (z)P k (z). From this result we are able to compute the average height o f a p e r m utation as it is h(n) = P k 0 kh n k =n!.
Open problems and future work
It remains open the complexity of routing involutions on binary trees by a r cdisjoint paths. The average coloration number of permutations to be routed on general trees is also an interesting open problem. Computing the average coloration number of permutations to be routed on arbitrary topology networks seems a very di cult problem.
